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Monte-Carlo methods
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• Monte Carlo (MC) methods have been used for 
centuries (statistical sampling).

• However, during World War II, this method was used to 
simulate the probabilistic issues with neutron diffusion 
(first real use).

• modern version of the Monte Carlo method invented in 
the late 1940s by Stanislaw Ulam, while working on 
nuclear weapons projects at the Los Alamos National 
Laboratory

• named by Nicholas Metropolis, after the Monte Carlo 
Casino, where Ulam’s uncle often gambled
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What is a MC method?
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• Non-Monte Carlo methods typically involve ODE/PDE 
equations that describe the system. 

• Monte Carlo method refers to any method that makes 
use of random numbers
– Simulation of natural phenomena
– Simulation of experimental apparatus 
– Numerical analysis

• Monte Carlo methods are stochastic techniques.
• It is based on the use of random numbers and 

probability statistics to simulate problems.



Why is MC used?
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• It allows us to examine complex systems. And is usually 
easy to formulate (independent of the problem).

• For example, solving equations which describe two 
atom interactions. This would be doable without using 
Monte Carlo method. But solving the interactions for 
thousands of atoms using the same equations is 
impossible.

• However, the solutions are imprecise, and it can be 
very slow if higher precision is desired.



Simple Example 1: ¼
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Consider a circle inscribed in a unit square: 
the circle and the square have a ratio of 
areas that is π/4 à the value of π can be 
approximated using a Monte Carlo method:
• Draw a square, then inscribe a circle 

within it
• Uniformly scatter some objects of uniform 

size (grains of rice or sand) over the 
square.

• Count the number of objects inside the 
circle and the total number of objects.

• The ratio of the two counts is an estimate 
of the ratio of the two areas, which is π/4. 
Multiply the result by 4 to estimate π.



Simple Example 2: dice
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• Problem: What is the probability that 10 dice throws add 
up exactly to 32?

• Exact Way. Calculate this exactly by counting all possible 
ways of making 32 from 10 dice. 

• Approximate (Lazy) Way. Simulate throwing the dice (say 
500 times), count the number of times the results add up 
to 32, and divide this by 500. 

• Lazy Way can get quite close to the correct answer quite 
quickly.



Simple Example 3: integration
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• Method 1: Analytical Integration
• Method 2: Numerical, e.g., Quadratures
• Method 3: MC – random sampling the area enclosed by 

a<x<b and 0<y<max (f(x)): hit and miss integration 
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…
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General case: integrate function over complicated region G
• Pick a simple (e.g. rectangular) region G’
• Sample N’ random points over G’
• Count points in G: N



Mean-value integration
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Other way of MC integration is based on the mean-value theorem for a 
continuous function f(x) in x ∈[a,b], which states that a z∈[a,b] exists that:

where f(z)≡⟨f⟩ is the mean or expectation value of f(x).
Therefore:

where we calculate from uniform random xi ∈[a,b] :
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Fig. 14.2 Schematic
illustration of the
Monte-Carlo integration
technique

Another way to perform a Monte-Carlo integration is the so called mean-value
integration. It is essentially based on the mean value theorem of calculus which we
already employed in our discussion of quadrature in Chap. 3. We restate it here for
the sake of a more transparent presentation: The mean-value theorem states that if
f .x/ is a continuous function for x 2 Œa; b! then there exists a z 2 .a; b/ such that

Z b

a
dx f .x/ D f .z/.b ! a/ : (14.8)

The function value f .z/ " h f i is referred to as the expectation value or mean value
of f .x/. We know from probability theory [5–7] that the expectation value can be
approximated by the arithmetic mean f

1

b ! a

Z b

a
dx0f .x0/ ' f ˙

s
f 2 ! f

2

N
; (14.9)

with the error given by the standard error, Eq. (E.14). The arithmetic mean f , on the
other hand, is given by

f D 1

N

NX

iD1
f .xi/ ; (14.10)

and consequently

f 2 D 1

N

NX

iD1
f 2.xi/ : (14.11)

Note that here the variables xi are assumed to be uniformly distributed random
numbers within the interval Œa; b!. (This result will immediately be discussed in
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error, vanishes for Nà∞
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… more general
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The expectation value is in general defined as

where x∈ℝd and p(x) is a pdf
A typical example is the calculation of the thermal expectation value in statistical 
physics where the pdf p(x) is given by the normalized BOLTZMANN distribution:

where E(x) is the energy, kB the Boltzmann constant, T the temperature, and Z the 
canonical partition function (normalization)

14.2 Monte-Carlo Integration 215

more detail.) However, first of all we note from the law of large numbers, Eq. (E.25),
that this approach is exact in the limit N ! 1:

1

b ! a

Z b

a
dx0f .x0/ D lim

N!1
1

N

NX

iD1
f .xi/ : (14.12)

Let us now consider the more general case which, in the end, will guide us to
a very prominent formulation of Monte-Carlo integration. We want to estimate the
expectation value

h f i D
Z

dx f .x/p.x/ ; (14.13)

where x 2 Rd and p.x/ is a pdf. A typical example is the calculation of the thermal
expectation value in statistical physics where the pdf p.x/ is given by the normalized
BOLTZMANN distribution

p.x/ D 1

Z
exp

!
!E.x/
kBT

"
: (14.14)

Here E.x/ denotes the energy as a function of the parameter x 2 Rd, kB stands
for BOLTZMANN’s constant, T is the temperature, and the normalization factor Z is
referred to as the canonical partition function [8–11].

Equation (14.13) may be rewritten as

h f i D
Z

dx f .x/p.x/ D
Z

df f q. f / ; (14.15)

where we introduced the probability density q. f / of f via

q. f / D
Z

dx ı Œ f ! f .x/! p.x/ ; (14.16)

with ı."/ DIRAC’s ı-distribution. Let us briefly explain how we arrived at this
definition. Let the cdf P.x/ be defined by1

P.x/ D Pr.X # x/ D
Z x

!1
dx p.x/ : (14.17)

1Please note that according to the conventions established in Appendix E capital letters denote
random variables.
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Metropolis algorithm
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The Metropolis algorithm is a more sophisticated method to produce random 
numbers from given distributions and is particularly useful to treat problems in 
statistical physics where thermodynamic expectation values of some observable 
O are of interest

x is a set of parameters (e.g. coordinates and momenta of particle) and q(x) the 
Boltzmann distribution:

The Metropolis algorithm now aims at generating sampling points xi according to 
the pdf q(x), such that the expectation value can be evaluated.

14.3 The METROPOLIS Algorithm: An Introduction 219

corresponds to the number of d-dimensional random numbers x. Hence, Monte-
Carlo integration can be of advantage whenever one has to deal with complicated,
high dimensional integrals. In contrast, restricted to one dimension it is in most
cases not an improvement of the methods discussed already.

Monte-Carlo integration can also be of advantage whenever the integrand f .x/ is
not well behaved. In such a case a very fine grid would be required to compute a
reasonable estimate of the true value of the integral. Monte-Carlo integration offers
a very convenient alternative due to its conceptual simplicity [13].

It is certainly a drawback of Monte-Carlo integration in its formulation (14.34),
that the error is also proportional to

p
var . f / which is a yet unknown quantity.

One has to approximate it with an adequate estimator, for instance with the help of
the sampling variance. Moreover, if the variance var . f / diverges, the central limit
theorem does not hold and the procedure (14.34) is no longer justified and will fail
for sure.

Closely related to the problem of how to determine var . f /, is the question of
how many random numbers should be drawn. In most cases an iterative approach
is the most promising strategy. In a first step N random numbers are drawn and the
integral is computed using Eq. (14.34). Then another set of N random numbers is
sampled and Eq. (14.34) is reevaluated now using all 2N random numbers. If the
change in the resulting estimate of the integral is less than some given tolerance !,
the loop is terminated otherwise another set of N random numbers is added.

We mention that this form of Monte-Carlo integration can be improved partic-
ularly by sampling only from points which dominantly contribute to the integral.
This method is referred to as importance sampling [13–16] and will be discussed in
more detail later on.

14.3 The METROPOLIS Algorithm: An Introduction

The METROPOLIS algorithm is a more sophisticated method to produce random
numbers from given distributions. In fact, the METROPOLIS algorithm is a special
form of the rejection method (Sect. 13.3). This section introduces the algorithm on
a very basic level which will, in the end, allow a first glance at an interesting model
out of statistical physics, namely the ISING model. It will be discussed in Chap. 15
and a more detailed discussion of the METROPOLIS algorithm will be postponed to
Sect. 16.4.

The METROPOLIS algorithm is particularly useful to treat problems in statistical
physics where thermodynamic expectation values of some observable O are of
interest [8–11]. They are defined as

hOi D
Z

dxO.x/q.x/ ; (14.35)
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where x is a set of parameters and q.x/ is the BOLTZMANN distribution (14.14).
The set of parameters x could be, for instance, the position- and momentum-space
coordinates of N different particles. In most cases x is a high dimensional object
which makes classical numerical integration (Chap. 3) cumbersome. InsteadMonte-
Carlo integration is employed and the integral (14.35) is approximated with the help
of Eq. (14.34) by

hOi ! 1

N

NX

iD1
O.xi/˙

r
var .O/

N
; (14.36)

where the uncorrelated random numbers xi, i D 1; 2; : : : ;N are sampled from the
pdf, Eq. (14.14). We recognize immediately the problem: we need to know the exact
functional form of q.x/ if we want to apply either the inverse transformation method
or the rejection method discussed in Chap. 13. However, the partition function Z
itself is determined by an integral which can be approximated using Eq. (14.36). We
set

q.x/ D p.x/
Z

; (14.37)

and

Z D
Z

dx p.x/ (14.38)

follows from the normalization of q.x/. The METROPOLIS algorithm was
designed to avoid precisely this problem. We concentrate on a pdf which is of
the form (14.37), but q.x/ must not necessarily be described by a normalized
BOLTZMANN distribution, Eq. (14.14). Thus, p.x/ is arbitrary but it ensures that

Z
dx q.x/ D 1”

Z
dx p.x/ D Z ; (14.39)

and q.x/ " 0 for all x. In other words, q.x/ is a pdf. Suppose we already have a
sequence x0; x1; : : : ; xn D fxng of parameters which indeed follows the pdf q.x/.4

We now add to the last element of this sequence xn a small perturbation ı and set

xt D xn C ı : (14.40)

Note that the perturbation ı is of the same dimension as the vector x. Similar to the
rejection method we seek for a criterion which helps us to decide whether or not the
test value xt can be accepted as the next element of the sequence fxng.

4The question of how one can obtain such a sequence will be discussed in Sect. 16.3.
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rejection method
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Suppose we already have n parameter sets: x0, x1,…, xn={xn} which follow q(x), and 
we need to decide if a new value xt should be added:
The Metropolis method introduces the following acceptance probability for xt:

Hence, if Pr(A|xt,xn)=1, we set xn+1=xt, and if Pr(A|xt,xn) < 1, we draw a random 
number r∈[0, 1] and accept xt if r<Pr(A|xt,xn) and reject xt otherwise.

or more compact:

The underlying reason for this to work requires knowledge of stochastics in 
general and of MARKOV-chains in particular.
We apply this to the Ising model, which illustrates this at a concrete example 

14.3 The METROPOLIS Algorithm: An Introduction 221

The METROPOLIS method proposes an acceptance probability of the form

Pr.Ajxt; xn/ D

8
ˆ̂̂
<

ˆ̂̂
:

1 if
q.xt/
q.xn/

! 1 ;

q.xt/
q.xn/

otherwise:

(14.41)

Hence, if Pr.Ajxt; xn/ D 1, we set xnC1 D xt, and if Pr.Ajxt; xn/ < 1, we draw a
random number r 2 Œ0; 1! and accept xt if r " Pr.Ajxt; xn/ and reject xt otherwise.
We note that in this formulation the knowledge of the normalization factor Z is no
longer required since it follows from Eq. (14.37) that

q.xt/
q.xn/

D p.xt/
p.xn/

: (14.42)

Consequently we rewrite Eq. (14.41) as

Pr.Ajxt; xn/ D min
!
p.xt/
p.xn/

; 1

"
D p.xtjxn/ ; (14.43)

where we introduced in the last step a more compact notation.
A discussion of the underlying concepts and why the choice (14.41) indeed

samples random numbers according to the pdf q.x/ requires some basic knowledge
of stochastics in general and of MARKOV-chains in particular. This is the reason
why we postponed this discussion to Chap. 16. Nevertheless, there is a particular
property, referred to as detailed balance which requires our attention because it
is crucial for the METROPOLIS algorithm: Let p.xtjxn/ denote the pdf for the
probability that a random number xt is generated from the random number xn as
defined in Eq. (14.43). Then the condition of detailed balance is defined as

p.xtjxn/q.xn/ D p.xnjxt/q.xt/ : (14.44)

In words: The probability p.xtjxn/ that a random number xt is generated from a
random number xn times the probability q.xn/ that the random number xn occurred
at all is equal to the probability p.xnjxt/ that the random number xn is generated
from xt times the probability q.xt/ that xt occurred. Detailed balance is motivated by
physics and is a condition of thermodynamic equilibrium.

Let us briefly demonstrate that the METROPOLIS algorithm (14.43) satisfies
detailed balance: We distinguish three different cases: (i) Suppose that p.xtjxn/ D
p.xnjxt/ D 1. From Eq. (14.43) we note that this is only possible if p.xt/ D p.xn/
and therefore q.xt/ D q.xn/ which is already Eq. (14.44) for this particular case. (ii)
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Example of a simulation process 
(e.g. Ising model)      .
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• Initialize the system
– Put the system in a random state

• Make a trial move
– Randomly make a trial move

• Calculate the energy change
– Reevaluate the interactions of the moved 

particles with its neighbors and calculate 
the energy change

• Accept the trial move with the Metropolis scheme

• Keep trying the moves until system approach equilibrium
– Either monitor the total energy change, or monitor the structure 

formed in the simulation box
• Sampling

– Sample a certain property over a certain number of configurations

P = exp −
ΔE
kBT

#

$
%

&

'
( ΔE > 0

1 ΔE < 0

)

*
+

,
+



Ising Model - Intro
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• The Ising model describes a ferromagnetic (or antiferromagnetic) 
material.

• A ferromagnet (FM) has a finite magnetization M without applied 
magnetic field below the Curie temperature Tc.

• At Tc the FM has a second order phase transition to the 
paramagnetic state at T>Tc. M goes to zero at Tc and serves as an 
order parameter.
226 15 The ISING Model

Fig. 15.1 Schematic
illustration of the
magnetization M as a
function of temperature T in a
ferromagnetic material

Fig. 15.2 Schematic
illustration of the
spin-orientation in a (a)
ferromagnetic (J < 0) or (b)
antiferromagnetic (J > 0)
two-dimensional crystal

with the exchange constant J. The magnitude of J as well as its sign are determined
by overlap integrals which include the COULOMB interaction. If J < 0 a parallel
orientation of the spins is energetically favorable and ferromagnetism arises if T <
TC. On the other hand, if J > 0, an antiparallel orientation is established as long as
the temperature does not exceed the NÉEL temperature TN . However, in both cases
the system undergoes a phase transition to a paramagnetic state if the temperature
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Given two atoms or molecules with spins S1 and S2, where S1, S2 ∈ ℝ3, the 
exchange interaction energy is of the form:

with exchange constant J. The ground state for a
system of spins depends on the sign of J à
For the antiferromagnetic case (J>0) the transition
temperature Tc is called Neel temperature.

For atoms (spins) on a cubic lattice with lattice points xℓ,
we can write the Hamilton function

where Jℓℓ=0 and Jℓℓ’ à Jℓ-ℓ’= Jℓ’-ℓ to account for translation invariance.

Chapter 15
The ISING Model

15.1 The Model

Ferromagneticmaterials are materials which develop a non-vanishingmagnetization
M even in the absence of an external magnetic field B. It is an experimental obser-
vation, that this magnetization decreases smoothly with increasing temperature, and
vanishes above the critical temperature TC, referred to as CURIE temperature [1].
Above this temperature the magnetization is zero and the material is no longer
ferromagnetic but paramagnetic. This typical situation is illustrated in Fig. 15.1 and
it is the signature of a phase transition. In a theoretical description of this transition
the magnetizationM serves as an order parameter.1 At T D TC the system exhibits
a second order phase transition: The magnetization is not differentiable with respect
to T; it is, however, continuous.

The microscopic origin of this macroscopic phenomenon is based on the
exchange interaction between identical particles, the atoms or molecules forming
the material. The exchange interaction is a purely quantum-mechanical effect which
is a consequence of the COULOMB interaction in combination with the PAULI

exclusion principle.2 For more detailed information please consult Refs. [2–8].
Given two atoms or molecules with spins S1 and S2, where S1; S2 2 R3, the

exchange interaction energy is of the form3

E D JS1 ! S2 ; (15.1)

1For a short introduction to phase transitions in general please consult Appendix F.
2The statement that magnetism is a purely quantum-mechanical phenomenon that cannot explained
in classical terms is known as the BOHR-VAN LEEUWEN theorem [3, 4].
3In this discussion we regard the spin as a classical quantity. In the quantum mechanic case one
has to replace the vectors by vector operators Si.
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Fig. 15.1 Schematic
illustration of the
magnetization M as a
function of temperature T in a
ferromagnetic material

Fig. 15.2 Schematic
illustration of the
spin-orientation in a (a)
ferromagnetic (J < 0) or (b)
antiferromagnetic (J > 0)
two-dimensional crystal
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In the Heisenberg model the spin directions are arbitrary. In the Ising model one 
restricts the direction to one direction, typically the z-direction. Thus the 
quantum mechanical description (spin quantization) of the (general) Ising model 
is given by the Hamiltonian

where Sz
ℓ are the spin operators in z-direction.

For spin ½ particles, the eigenvalues of the spin operator are 𝜎ℓ=±1 (in units of 
ℏ/2) and we write

where the factor ℏ2/4 is absorbed in the coupling constants and h is an external 
magnetic field in z-direction.

15.1 The Model 227

contributions ` D `0 from the above sum. The HAMILTON function (15.2) is genuine
to the HEISENBERG model [1]. We note that in this model there is no distinguished
direction of spin orientation and, consequently, the HAMILTON function is invariant
under a rotation of all spin vectors S`. The actual spin orientation may be determined
by an external magnetic field or by an anisotropy of the crystal lattice. Furthermore,
the restriction of the spin orientation to the positive or negative z-direction is the
characteristic of the ISING model.

In a quantum mechanical description the HAMILTON operator (Hamiltonian) of
the ISING model is defined by

H D 1

2

X

``0
J`!`0Sz`S

z
`0 ; (15.3)

where Sz` are the spin operators in z-direction. If spin 1=2 particles are described by
this Hamiltonian, the spin operators Sz` are replaced by .„=2/! z

` with !
z
` the PAULI

matrix and „ the reduced PLANCK’s constant. Furthermore, we redefine J0`!`0 D
!.„2=4/J`!`0 , J0`!`0 > 0, and represent the Hamiltonian in the basis of eigenstates
of the operators ! z

` . These eigenstates have eigenvalues !` D ˙1 which correspond
to spin up and spin down states, respectively. We obtain in this representation

H D !1
2

X

``0
J`!`0!`!`0 ! h

X

`

!` ; (15.4)

where we dropped the prime on the exchange parameter J`!`0 for the sake of a more
compact notation. We added, furthermore, a term which accounts for the possible
coupling of the spins to an external magnetic field,4 where h stands for the reduced
field h D !"BgB=2.5

There are some special cases in which the ISING model can be solved analytically
[12, 13]. For instance, one can solve the general case described by Eq. (15.4) with
the help of the mean field approximation: The contribution h` acting on site `

h` D hC
X

`0
J`!`0!`0 ; (15.5)

is replaced by its mean value

hh`i D hC QJm ; (15.6)

4We note in passing that the Hamiltonian (15.4) is invariant under a spin flip of all spins if h D 0
(Z2 symmetry). This symmetry is broken if h ¤ 0, i.e. the spins align with the external field h.
5We note thatH / " "Bwhere B is the magnetic field and " is the magnetic moment. Furthermore,
" can be expressed as " D !"BgS=„ D !"Bg!=2, where "B is the BOHR magneton, g is the
LANDÉ g-factor and ! is the vector of PAULI matrices. The sign is convention.
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usually the interaction is limited to nearest neighbors (n.n.) such that for Jℓ-ℓ’:

For an infinite system, this model can be solved analytically in 1D (Ising’s 
solution) and 2D (Onsager solution)
 
The magnetization of the system in a certain configuration is given by 
ℳ(𝒞 )=⟨𝜎ℓ⟩.
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where m D h!`i and QJ D P
` J`. (The term QJm is commonly referred to as the

molecular field.) With the help of this ansatz it is, for instance, possible to reproduce
the experimentally observed CURIE-WEISS – law of ferromagnetic materials: The
temperature dependence of the magnetic susceptibility " for T > TC can be
described by:

" / 1

T ! TC
: (15.7)

Another very interesting special case of the general model (15.4) is the restriction
to nearest neighbor (n. n.) interaction with the assumption that the interaction
between non-nearest neighbor spins is negligible. One step further goes the
approximation that J`!`0 " J for nearest neighbors. Hence, we have

J`!`0 D
(
J if `; `0 n. n. ;

0 otherwise:
(15.8)

In this case Eq. (15.4) is rewritten as

H D !J
2

X

h``0i
!`!`0 ! h

X

`

!` ; (15.9)

where
P

h``0i denotes the sum over all nearest neighbors. This model can be solved
analytically in one and two dimensions if the system is assumed to be spatially
unlimited. The solution in one dimension was published by E. ISING [14]. The
solution in two dimensions, which is much more involved, was reported by L.
ONSAGER [15].

We briefly discuss ISING’s solution in one dimension. The Hamiltonian (15.9)
for N-particles aligned in a one-dimensional chain is rewritten as

H D !J
NX

`D1
!`!`C1 ! h

NX

`D1
!` ; (15.10)

where we applied periodic boundary conditions, !NC1 D !1, and the factor 1=2was
absorbed into J. Let us now briefly elaborate on the kind of observables we would
like to describe within this model. (We note in passing that the following discussion
is not restricted to the one-dimensional case.) Given a particular spin configuration
C D f!ig, we assume that the probability of finding the system in this configuration
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the heat capacity, ch, can be derived. The following relations hold:

! D @

@h
hMi and ch D

@

@T
hEi : (15.16)

Equation (15.13) is applied to rewrite the expression for the heat capacity:

ch D
X

C

E.C /
@

@T
p.C / : (15.17)

Here we made use of the fact that E.C / is independent of temperature T. We
evaluate, furthermore, the derivative of p.C / with respect to temperature T:

@

@T
p.C / D @

@T

2

4
exp

!
!E.C /

kBT

"

ZN

3

5

D p.C /
kBT2

ŒE.C / ! hEi" : (15.18)

This is inserted into Eq. (15.17) and results in a final expression for the heat capacity:

ch D
1

kB
T2
X

C

p.C /
#
E2.C / ! E.C / hEi

$

D 1

kBT2

!˝
E2
˛
! hEi2

"

D 1

kBT2
var .E/ : (15.19)

This result justifies why the heat capacity is referred to as a fluctuation quantity.
We determine now, following the same ideas, the magnetic susceptibility using

relation (15.14):

! D
X

C

M .C /
@

@h
p.C / : (15.20)

We note that

@

@h
E.C / D !M .C / ; (15.21)
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is given by the BOLTZMANN distribution p.C /6:

p.C / D 1

ZN
exp

!
!E.C /

kBT

"
: (15.11)

Here, T is the temperature and kB is BOLTZMANN’s constant. The energy E.C /
associated with configuration C is given by Eq. (15.10). Please note that now,
obviously, we have to treat the model in the classical sense, although we consider
spin degrees of freedom. The partition function ZN is given by the sum over all
possible configurations C [3, 4, 16]:

ZN D
X

C

exp
!
!E.C /

kBT

"
: (15.12)

In general, the task of solving the ISING problem is a problem of how to evaluate the
sum (15.12). This is certainly not trivial since, for instance, in the one dimensional
case with N D 100 grid-points one has 2N D 2100 " 1:3 # 1030 different
configurationsC . On the other hand, once ZN has been determinedmore information
about the properties of the system can be derived [2, 12, 13]. For instance, the
expectation value of the energy7 is given by

hEi D
X

C

p.C /E.C / D kBT2
@

@T
lnZN ; (15.13)

and the expectation value of the magnetization follows from

hMi D
X

C

p.C /M .C / D kBT
@

@h
lnZN ; (15.14)

where we defined the magnetizationM .C / of a configuration C via:

M .C / D
 
X

`

!`

!

C

: (15.15)

The term
P

` !` was placed within parenthesis indexed by C to emphasize
its dependence on the particular configuration C . From the observables (15.13)
and (15.14) the fluctuation quantities, namely, the magnetic susceptibility, ", and

6In particular we assume ergodicity of the system as will be explained in Chap. 16.
7hEi is also referred to as internal energy U.
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The Boltzmann distribution is given by:

where E(𝒞) is the energy of a spin configuration 𝒞 
The partition function is defined as

from which we can derive the average energy 

and magnetization

using these we can define susceptibility

specific heat
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Final expressions are:

15.1 The Model 231

and obtain:
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This results in a final expression for the magnetic susceptibility " which relates it to
the variance of the magnetizationM:
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After this excursion, we return to the analytic treatment of the infinite one-
dimensional ISING model with nearest neighbor interaction, Eq. (15.10). If it were
possible to evaluate the partition function ZN , the required observables would be
directly accessible via the above relations. In most cases this task is not analytically
feasible. Nevertheless, in our particular case it appears to be possible because we
recognize that we can actually evaluate Eq. (15.12) explicitly by keeping in mind
Eq. (15.9):
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In the last step the sum over #` was replaced by an alternative sum
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the heat capacity, ch, can be derived. The following relations hold:

! D @

@h
hMi and ch D

@

@T
hEi : (15.16)

Equation (15.13) is applied to rewrite the expression for the heat capacity:
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Here we made use of the fact that E.C / is independent of temperature T. We
evaluate, furthermore, the derivative of p.C / with respect to temperature T:
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This is inserted into Eq. (15.17) and results in a final expression for the heat capacity:
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This result justifies why the heat capacity is referred to as a fluctuation quantity.
We determine now, following the same ideas, the magnetic susceptibility using

relation (15.14):
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@

@h
p.C / : (15.20)

We note that

@

@h
E.C / D !M .C / ; (15.21)
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The partition function in 1D  for N spins can be calculated as

with

The expectation value for the energy per particle is given by

In the thermodynamic limit N→∞:

and for h=0:
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It is an easy task to determine the eigenvalues of this matrix [17, 18]. The
characteristic polynomial

det

0
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is of the form
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which is easily solved. We get for the two eigenvalues !1;2
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; (15.33)

and note that !1 " !2 for all temperatures T " 0.
We now make use of the fact that the trace is invariant under a basis transforma-

tion # . Hence we can express the transfer matrix in a basis in which it is diagonal
and set

T 0 D # T # !1 D
$
!1 0

0 !2

%
; (15.34)

which immediately results in:

ZN D !N1 C !N2 : (15.35)

Everything required to calculate the expectation value of energy per particle h"i

h"i D kBT2

N
@

@T
lnZN ; (15.36)
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in the thermodynamic limit N ! 1 is now in place and, thus, we can investigate
the possibility of a phase transition. First, we consider the limit

lim
N!1

1

N
ZN D lim

N!1
1

N
ln
!
!N1 C !N2

"
D ln!1 ; (15.37)

since !1 ! !2 for all T ! 0.8

If there is no external field, i.e. h D 0, we have

lim
N!1
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N
ZN D ln

#
2 cosh

$
J

kBT

%&
; (15.38)

which is a smooth function of T for T ! 0. Consequently, we do not observe a
phase transition in the one dimensional ISING model. Even more information about
the system can be provided by the spin correlation function h"`"`0i

h"`"`0i D
X

C

p.C /"`"`0 : (15.39)

A basic, however, tedious calculation shows that in the thermodynamic limit it is
described by

h"`"`0i D
$
!2

!1

%`!`0
; (15.40)

with the result that the spin correlation decreases with increasing distance ` " `0

since !2 < !1 for T > 0.
We move on and briefly sketch the solution of the infinite two-dimensional ISING

model according to L. ONSAGER [15]. The HAMILTON function (15.10) changes
into:

H D "J
X

``0
"`;`0 ."`C1;`0 C "`!1;`0 C "`;`0!1 C "`;`0C1/" h

X
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8We transform
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and use that
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For h=0 one observes a second order phase transition with transition temperature 
defined by:

and for the energy per particle

where K1(𝜉) is the complete elliptic integral with

and magnetization per particle

with

15.1 The Model 235

The strategy developed for the one-dimensional case can again be applied: The
system is treated as a classical system with spin degrees of freedom. The HAMILTON

function (15.41) is inserted into the expression, Eq. (15.12) for the partition function
ZN . With the help of the correct basis ZN can be described by the trace over a product
of transfer matrices. However, in this case the transfer matrix T is of dimension
2N!2N rather than 2!2. It is quite obvious that the search for the largest eigenvalue
for arbitrary values of N is not a trivial task. Therefore, we limit our discussion to a
summary of the most important results for the particular case h D 0.

In the two-dimensional case a phase transition is indeed observed: The magnetic
susceptibility becomes singular at a particular temperature TC. This temperature is
given as the solution of equation:

2 tanh2
!
2J

kBTC

"
D 1 : (15.42)

The expectation value of the energy per particle takes on the form
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!
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where K1."/ is the complete elliptic integral of the first kind [see Eq. (1.14)] with
the argument:
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The magnetization per particle hmi is proved to be determined from
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(15.45)

with

z D exp
!

" 2J
kBT

"
:

Equation (15.45) clearly describes a phase transition at T D TC .
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Equation (15.45) clearly describes a phase transition at T D TC . T<Tc

ch and 𝜒 diverge at Tc
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Ehrenfest classification of Phase Transition:
• First-order phase transitions exhibit a discontinuity in the first 

derivative of the chemical potential with a thermodynamic 
variable. Such as solid/liquid/gas transitions.  

• Second-order phase transitions (also called continuous phase 
transition) have a discontinuity or divergence in a second 
derivative of the chemical potential with thermodynamic 
variables. 

ch and Â are second derivatives
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Reduced temperature: τ ≡
T −TC
TC

Specific heat

Magnetization

Magnetic susceptibility

Correlation length

C∝ τ
−α

M ∝ τ
β

χ ∝ τ
−γ

ξ ∝ τ
−ν

The exponents display critical point universality (don’t depend on details of the model). This explains the 
success of the Ising model in providing a quantitative description of real magnets. 

Critical exponent:

(T<Tc)
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d 2 3 4
α 0 (log div) 0.110(1) 0

β 1/8 0.3265(3) 1/2

γ 7/4 1.2372(5) 1

δ 15 4.789(2) 3

η 1/4 0.0364(5)

ν 1 0.6301(4) 1/2

ω 2 0.84(4)

At T=Tc: H/M±,  <¾(0)¾(r)>/ r2-d-´
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Here we concentrate on the 2D case of the Ising model and place the spins on a 
square lattice 𝛺 with coordinates (xi,yj), i,j,=1,…,N.

with 𝜎i,j=±1 – i.e. we treat these as “classical” spins. We consider only n.n. 
interaction.

Task: calculate numerically observables like the expectation value of the energy 
or of the magnetization, which will then be compared with analytic results.

236 15 The ISING Model

15.2 Numerics

We study a finite two-dimensional ISING model on a square lattice ˝ with grid-
points .xi; yj/, i; j D 1; 2; : : : ;N, which will be denoted by .i; j/. We write the
HAMILTON function in the form

H D !J
X
!
ij
i0j0

"
!i;j!i0 ;j0 ! h

X

ij

!i;j ; (15.46)

where the !i;j 2 f!1; 1g are treated as ‘classical’ spins. We consider nearest
neighbor interaction and regard the exchange parameter as independent of the actual
positions i; j. The problem is easily motivated:We calculate numerically observables
like the expectation value of the energy or of the magnetization which will then be
compared with analytic results. Such a procedure provides a rather simple check
of the quality of the numerical approach which can then be extended to similar
models which cannot any longer be treated analytically.We need numericalmethods
because summing over all possible configurations in a calculation of the partition
function ZN is simply no longer feasible since, for instance, for N D 100 we have
2N

2 D 210000 " 103000 possible configurations which will have to be considered as
follows from Eqs. (15.12), (15.13), and (15.14). A more convenient approach would
be to approximate the sums with the help of methods we encountered within the
context of Monte-Carlo integration in Sect. 14.2. For instance, the estimate of the
energy expectation value is given by

hEi D 1

M

MX

iD1
E.Ci/˙

r
var .E/
M

: (15.47)

Here, Ci, i D 1; 2; : : : ;M are M configurations drawn from the pdf (15.11), the
BOLTZMANN distribution. Equation (15.47) is referred to as the estimator of the
internal energy. We note that we also have to calculate an estimate of the variance
of E using a similar approach in order to determine the error induced by this
approximation.9

Hence, there remains the task to find configurations Ci which follow the
BOLTZMANN distribution (15.11). The inverse transformation method of Sect. 13.2
cannot be applied since E.Ci/ is not invertible. Furthermore, the rejection method

9In particular var .E/ D ˝
E2
˛!hEi2 is to be determined and only the second term is already known.

The first term,
˝
E2
˛
, is then estimated with the help of

˝
E2
˛ D 1

M

MX

iD1

E2i :
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Problem: We cannot sample all possible configurations of the system which 
grow exponentially with grid points, e.g. for N=100 we have 2N*N=210000≈103000 
possible arrangements of spins.

Solution: Use Monte-Carlo methods – here the Metropolis algorithm

For example, using M (not magnetization here) configurations, we can get an 
approximation for the energy expectation value

if these M configurations follow the Boltzmann distribution (this basically 
means that we neglect most configurations which have exponentially small 
probability to be physical.)
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because summing over all possible configurations in a calculation of the partition
function ZN is simply no longer feasible since, for instance, for N D 100 we have
2N

2 D 210000 " 103000 possible configurations which will have to be considered as
follows from Eqs. (15.12), (15.13), and (15.14). A more convenient approach would
be to approximate the sums with the help of methods we encountered within the
context of Monte-Carlo integration in Sect. 14.2. For instance, the estimate of the
energy expectation value is given by
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Here, Ci, i D 1; 2; : : : ;M are M configurations drawn from the pdf (15.11), the
BOLTZMANN distribution. Equation (15.47) is referred to as the estimator of the
internal energy. We note that we also have to calculate an estimate of the variance
of E using a similar approach in order to determine the error induced by this
approximation.9

Hence, there remains the task to find configurations Ci which follow the
BOLTZMANN distribution (15.11). The inverse transformation method of Sect. 13.2
cannot be applied since E.Ci/ is not invertible. Furthermore, the rejection method

9In particular var .E/ D ˝
E2
˛!hEi2 is to be determined and only the second term is already known.

The first term,
˝
E2
˛
, is then estimated with the help of
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15.2 Numerics

We study a finite two-dimensional ISING model on a square lattice ˝ with grid-
points .xi; yj/, i; j D 1; 2; : : : ;N, which will be denoted by .i; j/. We write the
HAMILTON function in the form

H D !J
X
!
ij
i0j0

"
!i;j!i0 ;j0 ! h

X

ij

!i;j ; (15.46)

where the !i;j 2 f!1; 1g are treated as ‘classical’ spins. We consider nearest
neighbor interaction and regard the exchange parameter as independent of the actual
positions i; j. The problem is easily motivated:We calculate numerically observables
like the expectation value of the energy or of the magnetization which will then be
compared with analytic results. Such a procedure provides a rather simple check
of the quality of the numerical approach which can then be extended to similar
models which cannot any longer be treated analytically.We need numericalmethods
because summing over all possible configurations in a calculation of the partition
function ZN is simply no longer feasible since, for instance, for N D 100 we have
2N

2 D 210000 " 103000 possible configurations which will have to be considered as
follows from Eqs. (15.12), (15.13), and (15.14). A more convenient approach would
be to approximate the sums with the help of methods we encountered within the
context of Monte-Carlo integration in Sect. 14.2. For instance, the estimate of the
energy expectation value is given by

hEi D 1

M

MX

iD1
E.Ci/˙

r
var .E/
M

: (15.47)

Here, Ci, i D 1; 2; : : : ;M are M configurations drawn from the pdf (15.11), the
BOLTZMANN distribution. Equation (15.47) is referred to as the estimator of the
internal energy. We note that we also have to calculate an estimate of the variance
of E using a similar approach in order to determine the error induced by this
approximation.9

Hence, there remains the task to find configurations Ci which follow the
BOLTZMANN distribution (15.11). The inverse transformation method of Sect. 13.2
cannot be applied since E.Ci/ is not invertible. Furthermore, the rejection method

9In particular var .E/ D ˝
E2
˛!hEi2 is to be determined and only the second term is already known.

The first term,
˝
E2
˛
, is then estimated with the help of

˝
E2
˛ D 1

M

MX

iD1

E2i :



Metropolis rejection for Ising model

A. Glatz: Advanced Computational Methods in Condensed Matter Physics  - Monte Carlo 28

15.2 Numerics 237

is useless since we would need the partition function ZN to make it work. However,
calculating the partition function is a task as difficult as calculating the internal
energy (15.13) without any approximations. Therefore, the method of choice will
be the METROPOLIS algorithm discussed in Sect. 14.3.

Let C be a given spin configuration on the two-dimensional square lattice
˝ . We modify the spin on one particular grid-point .i; j/ and obtain a trial spin
configuration C t. According to our discussion in Sect. 14.3, the probability of
accepting the new configuration C t is then given by

Pr.AjC t;C / D min
!
p.C t/

p.C /
; 1

"
D min

#
exp

$
!E.C t/ ! E.C /

kBT

%
; 1

&

D min
$
exp

!
!!Eij

kBT

"
; 1

%
: (15.48)

The spin orientation was changed only on one grid-point .i; j/, with "i;j ! O"i;j D
!"i;j; thus, the energy difference!Eij is easily evaluated using

!Eij D 2J"i;j
'
"iC1;j C "i!1;j C "i;j!1 C "i;jC1

(
C 2h"i;j : (15.49)

with "i;j the original spin orientation.
We focus now on numerical details, some particular to the numerical treatment of

the ISING model [19], and some of rather general nature which should be considered
whenever a Monte-Carlo simulation is planned.

(1) Lattice Geometry

We regard a two-dimensional N " N square lattice with periodic boundary condi-
tions10 in order to reduce finite volume effects. It is of advantage to write a program
code which will help to identify the nearest neighbors of some grid-point, since
we will need this information in the METROPOLIS run whenever we calculate the
energy difference due to a spin flip according to Eq. (15.49). To help with this task
a matrix neighbor.site; i/ will be generated only once for each choice of the system
size N. Here i D 1; 2; 3; 4 are the directions to the neighboring grid-points of the
grid-point site. In a first step the sites of the square lattice are relabeled following

10Periodic boundary conditions in two dimensions imply that

"NC1;j D "1;j and "i;NC1 D "i;1 ;

for all i; j.

After generation a new trial configuration 𝒞t from the current, valid 
configuration 𝒞, we accept the new one with the following probability

𝒞t is generated by just flipping one spin on the grid. Since we only consider n.n. 
interaction, the energy difference of the two configurations is given by the 
simple expression:
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• We consider a two-dimensional NxN square lattice with periodic boundary 
conditions in order to reduce finite volume effects

• Do not use the n.n. matrix suggested in the book – this is usually very 
inefficient (requires memory access). N.n. coordinates are easy to calculate on-
the-fly

• We need a good PRNG to choose random sites
• Initial configuration: the Metropolis algorithm produces configurations which 

become independent of the initial state and follow the Boltzmann distribution 
à start with random spins

• Run the algorithm for “a while” to thermalize the system – disregard these 
initial trial movements. How to determine “a while”? One should check if 
thermal equilibrium has been reached by analyzing the observable under 
consideration as function of time, then determine when initial biases are gone. 
In this case the observable reaches some saturation value as a function of the 
number of measurements. 
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• To check if saturation is reached, one should start with two different initial 
conditions and check when the observables will converge

• typically we study temperature dependencies and change the temperature 
once the equilibrium has been reached: either hot (random intial spins) or cold 
(ordered initial spins) start
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The Metropolis algorithm for the Ising model is executed in the following steps:
1. Choose an initial configuration 𝒞0
2. we go through all lattice sites (either systematically/sequentially, by random 

permutation, or completely random) and flip the spin: 𝜎ℓ à -𝜎ℓ. Calculate 
∆Ei,j – one complete loop through all site is called a sweep. MC simulations 
typically need many sweeps

3. Accept the new configuration according to

4. go to next lattice site, repeat 2

Measurement:
1. do the above till thermal equilibrium is reached
2. start calculation of observables and average over N trial configurations, 

when accepted
3. (optional, repeat) change external parameter (T, h), re-equilibrate (typically 

shorter than the initial equilibration), and then average observable
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3. The new configuration is accepted with probability

Pr.AjC t;Ck/ D min
!
exp

"
!!Eij

kBT

#
; 1

$
; (15.52)

where !Eij is determined from Eq. (15.49). C t is accepted if Pr.AjC t;Ck/ is
equal to one or if Pr.AjC t;Ck/ " r 2 Œ0; 1" otherwise C t is rejected. If C t was
accepted we set CkC1 D C t.

4. Go to the next lattice site [step 2].

We note that instead of sampling the lattice sites sequentially as suggested in step
2 the lattice sites can also be sampled randomly with the help of

i D int.rN2/C 1 ; (15.53)

where r 2 Œ0; 1" is a uniformly distributed random number and int.#/ denotes the
integer part of a given quantity. Obviously, Eq. (15.53) is only useful in the single-
index notation i D 1; 2; : : : ;N2.

(4) Measurement

As soon as thermalization was achieved the procedure to measure interesting
observables can be started. Such a procedure consists of collecting the data required
and in calculating expectation values as was illustrated in Eq. (15.47) for the case of
the expectation value of the energy. A more detailed study of estimator techniques is
postponed to Chap. 19. However, there is one crucial point one should be aware of:
We already mentioned in our discussion of theMETROPOLIS algorithm in Sect. 14.3
that subsequent configurations Ck may be strongly correlated. This problem can be
circumvented by simply neglecting intermediate configurations. For instance, one
may allow a couple of ‘empty’ sweeps between two measurements.

In the following we discuss some selected results obtained with the numerical
approach described above.

15.3 Selected Results

We investigate the two-dimensional ISING model with periodic boundary conditions
and we chose h D 0 and J D 0:5 for all following illustrations.

In a first experiment we plan to check the thermalization process and, thus,
measure after every single sampling step and skip thermalization. The observables
of interest, the expectation value of the energy per particle, h"i, and the expectation
value of the magnetization per particle, hmi, are illustrated in Fig. 15.3 for 30 sweeps
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h=0, J=0.5
N=50, 
~105 measurements 
(32 sweeps)
kBT=3>kBTc à 
paramagnetic state, 
⟨m⟩=0
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Fig. 15.3 Time evolution of
(a) the expectation value of
the energy per particle h"i
and (b) of the expectation
value of the magnetization
per particle hmi vs the
number of measurements M.
We used a cold start (solid
line) and a hot start (dashed
line) to achieve these results

Fig. 15.4 Typical spin
configuration for a
temperature well above the
critical temperature TC . Black
shaded areas correspond to
spin up sites while the white
areas are spin down sites

in a system of the size N D 50 which corresponds to m ! 8 " 104 measurements.
Moreover, we set kBT D 3 which should be well above TC according to Eq. (15.42).
Hence, we expect paramagnetic behavior, i.e. hmi D 0 in the equilibrium since the
acceptance probability is rather large because the spins are randomly orientated. In
addition, Fig. 15.4 shows a typical spin configuration for a temperature well above
TC.

According to Fig. 15.3b the expectation value of the magnetization per particle
hmi approaches indeed zero after a rather short thermalization period independent
of the starting procedure. This is certainly not the case for the energy expectation
value per particle h"i, Fig. 15.3a, which does not approach saturation even after
M ! 8 " 104 measurements for both starting procedures. The consequence is that
the thermalization period certainly needs to be longer than only 30 sweeps.
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in a system of the size N D 50 which corresponds to m ! 8 " 104 measurements.
Moreover, we set kBT D 3 which should be well above TC according to Eq. (15.42).
Hence, we expect paramagnetic behavior, i.e. hmi D 0 in the equilibrium since the
acceptance probability is rather large because the spins are randomly orientated. In
addition, Fig. 15.4 shows a typical spin configuration for a temperature well above
TC.

According to Fig. 15.3b the expectation value of the magnetization per particle
hmi approaches indeed zero after a rather short thermalization period independent
of the starting procedure. This is certainly not the case for the energy expectation
value per particle h"i, Fig. 15.3a, which does not approach saturation even after
M ! 8 " 104 measurements for both starting procedures. The consequence is that
the thermalization period certainly needs to be longer than only 30 sweeps.

typical configuration

à 32 sweeps are not long enough to equilibrate the energy
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Fig. 15.5 (a) The expectation value of the energy per particle h"i, (b) the absolute value of the
expectation value of the magnetization per particle jhmij, (c) the heat capacity ch, and (d) the
magnetic susceptibility ! vs temperature kBT for the two-dimensional ISING model. The system
sizes are N D 5; 20; 50; 100

We conclude this chapter with an interesting note: Fig. 15.6 makes it quite clear
that the error of the expectation value of the magnetization and of the energy is
biggest for values around the transition temperature. In fact, if we increase the
system size the error will become even larger. The reason is quite obvious: The error
of our Monte-Carlo integration is proportional to the square root of the variance
of the investigated observable. However, since we deal with a second order phase
transition, this variance tends to infinity as N ! 1 [4]. There is one cure to the
problem:We are dealing here with finite-sized systems, thus, the variance will never
actually be infinitely large. Furthermore, according to Eq. (15.47) we can decrease
the error by increasing the number of measurements. Hence, if one is confronted
with large systems, one has also to perform many measurements in order to reduce
the error.14

14We note from Eq. (15.47) that we have to perform four times as many measurements in order to
reduce the error by a factor 2.
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Fig. 15.6 (a) The expectation value of the energy per particle h"i, (b) the expectation value of
the magnetization per particle jhmij, (c) the heat capacity ch , and (d) the magnetic susceptibility !
with error bars vs temperature kBT obtained for the two-dimensional ISING model of size N D 50

Fig. 15.7 For T ! TC the spins organize in WEISS domains. Here we show a typical spin
configuration for N D 100 and kBT D 1:15. The black shaded areas correspond to spin up sites
while the white areas indicate spin down sites
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Fig. 15.6 (a) The expectation value of the energy per particle h"i, (b) the expectation value of
the magnetization per particle jhmij, (c) the heat capacity ch , and (d) the magnetic susceptibility !
with error bars vs temperature kBT obtained for the two-dimensional ISING model of size N D 50

Fig. 15.7 For T ! TC the spins organize in WEISS domains. Here we show a typical spin
configuration for N D 100 and kBT D 1:15. The black shaded areas correspond to spin up sites
while the white areas indicate spin down sites


